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Abstract
We propose new type of q-diffusive heat equation with nonsymmetric
q-extension of the diffusion term. Written in relative gradient variables
this system appears as the q- viscous Burgers’ equation. Exact solutions
of this equation in polynomial form as generalized Kampe de Feriet poly-
nomials, corresponding dynamical symmetry and description in terms of
Bell polynomials are derived. We found the generating function for these
polynomials by application of dynamical symmetry and the Zassenhaus
formula. We have constructed and analyzed shock solitons and their in-
teractions with different q. We obtain modification of the soliton rela-
tive speeds depending on value of q.For q < 1 the soliton speed becomes
bounded from above and as a result in addition to usual Burgers soliton
process of fusion, we found a new phenomena, when soliton with higher
amplitude but smaller velocity is fissing to two solitons. q-Semiclassical
expansion of these equations are found in terms of Bernoulli polynomials
in power of ln q.
1 Introduction
The heat equation and its modifications are the simplest equations in math-
ematical physics, modelling diffusion heat transfer and other phenomena. To
model more reach class of diffusion phenomena, several extensions of the dif-
fusion equation by fractional calculus, quantum or q-calculus, noncommutative
calculus, etc. were proposed [1], [2],[3]. Described in terms of relative gra-
dients, the heat equation appears in the form of nonlinear Burgers’ equation.
Solution of this Burgers’ equation as the shock solitons and their interactions
play fundamental role in description of soliton phenomena. Extensions of this
equation by the q-deformations lead to a new type of soliton phenomena, like
q-shock solitons [1], [2], noncommutative shock solitons [3], etc. This is why, any
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exactly solvable extension of heat and Burgers’ equations play essential role in
description of new type of soliton interactions, exact solvability of corresponding
equations and in modelling new physical phenomena associated with them.
Recently, several extensions of diffusion equation by the q-deformation of
partial derivatives were proposed and exact solutions in the form of q-shock soli-
tons were constructed and represented in terms of q-special functions. By such
an approach the q-deformation of classical damped oscillator as the q-deformed
oscillator was studied in [4]. The quantum versions of q-oscillator have attracted
attentions due to relations with quantum groups and exact solvability for differ-
ent realizations of quantum symmetry, as symmetrical [6],[7], non symmetrical
[12], Fibonacci[5] and Golden calculus [8], etc. In the set of papers by Man’ko
and coauthors [11] a physical approach to q-oscillator as nonlinear oscillator was
proposed. It was shown in [9] that every integrable system in action-angle vari-
ables is described as a set of nonlinear oscillators and appears in the form of the
q- or more generally, the f - oscillator. In paper [9],[10] the linear Schro¨dinger
equation with q-modified dispersion was proposed and the Madellung form of
this equation as q-dispersive complex nonlinear Burgers’ equation was derived.
In the present paper, following similar ideas we propose new type of heat
equation with modified non-symmetric q-diffusive term. This equation belongs
to the heat hierarchy of infinite order diffusive equations. Description of this
equation in terms of relative gradients appears as a q-viscous Burgers’ equation,
which is a specific member of Burgers’ hierarchy. We are studying several classes
of exact solutions, polynomial and shock soliton type. The polynomial solutions
are generalizations of the Kampe de Feriet polynomials written in terms of Bell
polynomials. We derive generating function for these polynomials by using
the dynamical symmetry and the Zassenhaus formula. Related with this the
generalized Boost operator, which generates exact solutions and the dynamical
symmetry is explicitly constructed. Then we find one and two shock soliton
solutions and study their interactions. We show that q-deformation modifies
the speed of our solitons. Finally, we develop the q-semiclassical expansion of
our equations in λ = ln q as higher order deformations, written in terms of
Bernoulli polynomials.
2 q-Diffusive Heat Equation
We introduce q-diffusive deformation of the heat equation in the following form
∂
∂t
φ(x, t) =
[
ν
∂2
∂x2
]
q
φ(x, t), (1)
where ν is diffusion constant and the q-operator[
ν
∂2
∂x2
]
q
=
qν
∂2
∂x2 − 1
q − 1 (2)
is defined as a formal power series. In the limiting case q → 1, equation (1)
reduces to the standard heat equation.
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By the method of separation of variables we search solution of this equation
in the form
φ(x, t) = X(x)T (t).
Substituting this into (1) we get
T
′
(t)
T (t)
=
[
ν ∂
2
∂x2
]
q
X(x)
X(x)
= −λ.
As a result, we obtain two ordinary differential equations
T
′
(t) + λT (t) = 0, (3)[
ν
∂2
∂x2
]
q
X(x) + λX(x) = 0. (4)
Solution of the first equation in t is
T (t) = e−λtT (0),
where T (0) is a constant.
2.1 Finite Interval Case
For the space part we consider the following eigenvalue problem on finite interval
with the Dirichlet boundary conditions
[
ν
∂2
∂x2
]
q
X(x) = −λX(x), (5)
X(0) = X(l) = 0. (6)
In order to solve this problem we use the following boundary value problem
−X ′′(x) = µX(x),
X(0) = X(l) = 0, (7)
with eigenvalues
µn =
(npi
l
)2
, (8)
and the corresponding eigenfunctions
Xn(x) =
√
2
l
sin
npi
l
x. (9)
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Figure 1: Evolution of n = 1 so-
lution at time t = 1
Figure 2: Evolution of n = 2 so-
lution at time t = 0.1
This set of eigenfunctions is orthonormal and complete. Then, substituting to
equation (5), and by using definition of the q-operator we obtain
[
ν
∂2
∂x2
]
q
X(x) =
qν
∂2
∂x2X(x)−X(x)
q − 1
=
q−µν − 1
q − 1 X(x) = [−µν]qX(x), (10)
which gives the relation between the eigenvalues of q-equation (5) and equation
(7)
λ = − [−µν]q . (11)
As a result, solution of the q-deformed initial value problem (5) is obtained in
terms of solution of standard Sturm-Liouville problem (7) with eigenvalues as
q-numbers
λn = −[−µnν]q = −
[
−
(npi
l
)2
ν
]
q
,
and the corresponding eigenfunctions
Xn(x) =
√
2
l
sin
npi
l
x. (12)
It gives us particular solution of q-diffusive heat equation (1) in the form
φn(x, t) = Xn(x)Tn(t) = e
−λntT (0)
√
2
l
sin
npi
l
x,
where λn = −[−(npil )2ν]q.
In Figures (1) and (2) we show particular solutions for n = 1 and n = 2
modes correspondingly, in q > 1, q < 1 and q = 1 cases. As we can see,
comparing with the usual heat equation with q = 1, depending on q the decaying
process is going faster for q < 1, or slower for q > 1.
The general solution is a superposition of these solutions
φ(x, t) =
∞∑
n=1
Ane
−λnt sin
npi
l
x =
∞∑
n=1
Ane
t[−(npil )2ν]q sin
npi
l
x. (13)
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To fix the Fourier coefficients An we pose the following IVP
φ(x, 0) = f(x),
so that we get
φ(x, 0) = f(x) =
∞∑
n=0
An sin
npi
l
x.
Then the coefficients are found as
Am =
2
l
∫ l
0
f(x) sin(
mpi
l
x) dx,
and solution is obtained in the form
φ(x, t) =
2
l
∞∑
n=0
∫ l
0
dy f(y) sin(
npi
l
x) sin(
npi
l
y) e−λnt. (14)
We define the Green function for equation (1) as
G(x, y; t) =
2
l
∞∑
n=0
sin(
npi
l
x) sin(
npi
l
y) et[−(
npi
l )
2ν]q , (15)
so that solution of IBVP is
φ(x, t) =
∫ l
0
G(x, y; t)f(y)dy. (16)
The Green function (15) as evident, satisfies G(x, y; t) = G(y, x; t) and at
initial time t = 0 it is just the Dirac delta function
G(x, y; 0) =
2
l
∞∑
n=0
sin(
npi
l
x) sin(
npi
l
y) = δ(x− y). (17)
Due to relation
F
(
d
dx
)
eikx = F (ik)eikx, (18)
which implies
et[ν
d2
dx2
]qe±i
npi
l x = et[ν(
inpi
l )
2]qe±i
npi
l x,
we can rewrite (15) in an operator form by using the evolution operator
G(x− y ; t) = et[ν d
2
dx2
]qδ(x− y) = 2
l
∞∑
n=0
et[ν
d2
dx2
]q sin(
npi
l
x) sin(
npi
l
y)
=
2
l
∞∑
n=0
et[−ν(
npi
l )
2]q sin(
npi
l
x) sin(
npi
l
y). (19)
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2.2 Infinite Interval Case
Now we consider the initial value problem for q-diffusive heat equation in infinite
interval:
∂
∂t
φ(x, t) =
[
ν
∂2
∂x2
]
q
φ(x, t),
φ(x, 0) = f(x), (20)
−∞ < x <∞.
By using the Fourier transform
φ(x, t) =
1√
2pi
∫ ∞
−∞
dk eikx φ˜(k, t) (21)
and substituting into (20) we have∫ ∞
−∞
dk eikx φ˜t(k, t) =
∫ ∞
−∞
dk φ˜(k, t)
[
ν
∂2
∂x2
]
q
eikx. (22)
Due to property (18)
[
ν
d2
dx2
]
q
eikx =
[
ν(ik)2
]
q
eikx =
[−νk2]
q
eikx. (23)
the integral (22) becomes
∫ ∞
−∞
dk eikx φ˜t(k, t) =
∫ ∞
−∞
dkφ˜(k, t)
[−νk2]
q
eikx (24)
and ∫ ∞
−∞
dk (φ˜t(k, t)−
[−νk2]
q
φ˜(k, t))eikx = 0, (25)
which implies
φ˜t(k, t) =
[−νk2]
q
φ˜(k, t).
The general solution of the last equation is found in the form
φ˜(k, t) = φ˜(k, 0) e
t[−νk2]
q . (26)
Substituting (26) into Fourier transform (21) we get solution
φ(x, t) =
1√
2pi
∫ ∞
−∞
dk eikx+t[−νk
2]q φ˜(k, 0).
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By using the inverse Fourier transform, we can fix φ˜(k, 0) by the initial
function
φ˜(k, 0) =
1√
2pi
∫ ∞
−∞
dy φ(y, 0)e−iky.
Then solution of the initial value problem for infinite interval is
φ(x, t) =
∫ ∞
−∞
G(x, y; t)φ(y, 0)dy , (27)
where the Green function is defined as
G(x, y; t) =
1
2pi
∫ ∞
−∞
eik(x−y)+t[−νk
2]qdk. (28)
Using property (23)
et[−νk
2]qeik(x−y) = et[ν(ik)
2]qeik(x−y) = et[ν
d2
dx2
]qeik(x−y),
the Green function becomes
G(x, y; t) =
1
2pi
∫ ∞
−∞
et[ν
d2
dx2
]qeik(x−y)dk = et[ν
d2
dx2
]q 1
2pi
∫ ∞
−∞
eik(x−y)dk.
As a result, the Green function for q-diffusive heat equation (20) can be
expressed as time evolution of the Dirac delta function
G(x− y ; t) = et[ν d
2
dx2
]qδ(x− y). (29)
Definition 2.2.1 The evolution operator is defined in terms of q-deformed op-
erator as
U(t) = et[ν
d2
dx2
]q , (30)
and gives evolution of the initial function φ(x, 0)
φ(x, t) = et[ν
d2
dx2
]qφ(x, 0). (31)
As an example, we consider the q-diffusive heat equation with initial value as
the Dirac Delta function:
∂
∂t
φ(x, t) =
[
ν
∂2
∂x2
]
q
φ(x, t),
φ(x, 0) = δ(x). (32)
Then the solution is
G(x, t) = et[ν
d2
dx2
]qδ(x) =
1
2pi
∫ ∞
−∞
eikx+t[−νk
2]q dk. (33)
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Figure 3: Phase Velocity Figure 4: Group Velocity
3 The Generalized Kampe-De Feriet Polynomi-
als
Here we are going to construct polynomial solutions of equation (1). For this
we consider the plane wave solution of (1) as the generating function for the
Kampe de Feriet type polynomials,
φ(x, t) = ekx+ω(k)t,
which implies the q-deformed dispersion ω(k) = [νk2]q and
φ(x, t) = ekx+t[νk
2]q . (34)
The phase velocity of this plane wave solution is characterized by q :
vph =
ω(k)
k
=
[νk2]q
k
=
eνk
2 ln q − 1
k(q − 1) .
In Figure (3) we show the phase velocity for different values of q. In contrast
to the linear dependence for q = 1 case, for q < 1 the velocity is bounded from
above and reaches the maximum value and then it starts to decline fast. As we
show in Section 5, this leads to a new process of soliton fissions. However, for
q > 1 case the phase velocity is growing infinitely, that is, it has no upper limit.
The group velocity of this solution also depends on q and is given by
vg =
dω(k)
dk
=
2νk ln q
q − 1 e
νk2 ln q.
In Figure (4) we show the group velocity for three different values of q. For
q < 1 the group velocity is bounded from the above function, taking maximal
value
|vmax| =
√
2ν
e
ln
1
q
1
1− q (35)
for k = ±1/√2ν ln 1/q.
Definition 3.0.1 The generalized Kampe-de Feriet polynomials Kn(x, t) are
defined as
ekx+t[νk
2]q =
∞∑
n=0
kn
n!
Kn(x, t). (36)
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Property of these polynomials can be studied in a similar way as the usual
Hermite and Kampe de Feriet polynomials. But in contrast to q = 1 case, our
generating function contains all powers of k2 and requires introduction of the
Bell polynomials. Before to proceed with this approach, in the next section
we follow a more direct way by using dynamical symmetry of q-diffusive heat
equation.
4 Dynamical Symmetry for q-Diffusive Heat Equa-
tion
For given differential equation Sˆφ = 0 with
Sˆ =
∂
∂t
−H(P1) (37)
exists the commuting operator Kˆ in the following form [13],
Kˆ = x+ tH
′
(P1), (38)
where P1 =
d
dx , such that [Sˆ, Kˆ] = 0. This Kˆ operator generates the dynamical
symmetry for differential equation Sˆφ = 0: from given solution φ of the equation
it creates another solution ψ = Kˆφ of the same equation Sˆψ = 0. The Kˆ
operator in this form is linear in x and t and it represents the generalized Boost
operator.
For our q-diffusive heat equation
∂
∂t
φ =
[
ν
∂2
∂x2
]
q
φ,
we have H(P1) = [νP
2
1 ]q, and by taking derivative of H(P1) according to P1
we get
H
′
(P1) =
d
dP1
[νP 21 ]q =
d
dP1
eν ln qP
2
1 − 1
q − 1 =
2ν ln qP1
q − 1 e
ν ln qP 21 .
Substituting the result into definitions (37) and (38) we obtain the q-diffusive
heat operator and the q-boost operator in the following form
Sˆ =
∂
∂t
−
[
ν
∂2
∂x2
]
q
, (39)
Kˆ = x+
2ν ln q
q − 1 t
d
dx
eν ln q
d2
dx2 . (40)
Proposition 4.0.1 The q-diffusive heat operator (39) and the q-Boost operator
(40)are commutative [Sˆ, Kˆ] = 0.
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Proof 4.0.2
[S,K] =
[
∂
∂t
− [ν ∂
2
∂x2
]q, x +
2ν ln q
q − 1 t
d
dx
eν ln q
∂2
∂x2
]
=
2ν ln q
q − 1
d
dx
eν ln q
∂2
∂x2
[
∂
∂t
, t
]
︸ ︷︷ ︸
1
−
[
[ν
∂2
∂x2
]q, x
]
︸ ︷︷ ︸
*
. (41)
In order to find the commutator (∗), we use the following property:
For any real analytic function f(x) we have[
f(
d
dx
), x
]
= f
′
(
d
dx
),
which implies that the commutator (∗) can be written in the form:[[
ν
∂2
∂x2
]
q
, x
]
=
(
[ν
∂2
∂x2
]q
)′
. (42)
Calculating derivative of the operator
(
[ν
∂2
∂x2
]q
)′
=
qν ∂2∂x2−1
q − 1

′
, (43)
and denoting P ≡ ∂∂x we get
d
dP
(
eν ln qP
2 − 1
q − 1
)
=
2νP ln q
q − 1 e
ν ln qP 2 =
2ν ln q
q − 1
∂
∂x
qν
∂2
∂x2 . (44)
Substituting the result into (41), finally we proved that [Sˆ, Kˆ] = 0.
Proposition 4.0.3 If φ(x, t) is a solution of q-diffusive heat equation (1) and
[Sˆ, Kˆ] = 0, then ψ(x, t) = Kˆφ(x, t) is also solution of this equation, where Sˆ is
the q-dispersive Heat operator (39) and Kˆ is the q-Boost operator (40).
According to this proposition: if φ(x, t) is a solution of the q-diffusive heat
equation ∂∂tφ(x, t) = [ν
∂2
∂x2 ]qφ(x, t), then
ψ =
(
x+ t
2ν ln q
q − 1
∂
∂x
eν ln q
∂2
∂x2
)
φ(x, t) (45)
is also solution.
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4.1 Bell Polynomials
The generating function of Bell polynomials with n-variables is defined as
exp
∞∑
n=1
gnz
n
n!
=
∞∑
n=0
Bn(g1, q2, ..., gn)
zn
n!
, (46)
and a few Bell polynomials are given below
B0 = 1,
B1(g1) = g1,
B2(g1, g2) = g2 + g
2
1 ,
B3(g1, g2, g3) = g3 + 3g1g2 + g
3
1 .
In particular case, when all independent variables are equal g1 = g2 = ... =
gn = x, the corresponding generating function (46) reduces to the generating
function for Bell polynomials of one variable x defined in Wolfram MathWorld
as
ex(e
z−1) =
∞∑
n=0
Bn(x)
zn
n!
. (47)
A few Bell polynomials then are
B0(x) = 1, B1(x) = x, B2(x) = x+ x
2, B3(x) = x+ 3x
2 + x3, ... (48)
Proposition 4.1.1 The plane wave solution of equation (1) determines the q-
Kampe-de Feriet type polynomials KN (x, t; q)
ekxe[νk
2]qt =
∞∑
N=0
kN
N !
KN (x, t; q), (49)
which can be represented in terms of the Bell polynomials Bn(t):
KN (x, t; q) =
[N2 ]∑
n=0
xN−2nN !
(N − 2n)!n!Bn(
t
q − 1)(ν ln q)
n.
Proof 4.1.2 By expanding the plane wave solution in k, we have
ekxe[νk
2]qt =
( ∞∑
m=0
km
m!
xm
)
e[νk
2]qt. (50)
Then, e[νk
2]qt can be expanded in terms of Bell polynomials as
e[νk
2]qt = e
qνk
2−1
q−1 t = e
t
q−1 (e
ν ln qk2−1) =
∞∑
n=0
Bn
(
t
q − 1
)
(ν ln qk2)n
n!
, (51)
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and the plane wave solution is written in the following form
ekxe[νk
2]qt =
∞∑
m,n=0
km+2n
m!n!
xmBn(
t
q − 1)(ν ln q)
n. (52)
By changing order of summation m+ 2n = N,
ekxe[νk
2]qt =
∞∑
N=0
[N2 ]∑
n=0
kN
(N − 2n)!n!x
N−2nBn
(
t
q − 1
)
(ν ln q)n
we obtain the plane wave solution in the form of q-Kampe de Feriet type poly-
nomials
ekxe[νk
2]qt =
∞∑
N=0
kN
N !
Kn(x, t; q), (53)
where
KN (x, t; q) =
[N2 ]∑
n=0
xN−2nN !
(N − 2n)!n!Bn
(
t
q − 1
)
(ν ln q)n.
Using the first few Bell Polynomials (48) we can calculate q-Kampe De Feriet
Polynomials
K0(x, t; q) = 1
K1(x, t; q) = x
K2(x, t; q) = x
2 +
2t
q − 1νq
K3(x, t; q) = x
3 +
6tνq
q − 1
K4(x, t; q) = x
4 + 12t
νq
q − 1x
2 + 12(
νqt
q − 1)
2 + 12
t
q − 1(νq)
2,
.
.
.
where νq ≡ ν ln q. In the limit q → 1, these polynomials reduce to the standard
Kampe de Feriet polynomials.
We can find the time evolution of zeros for these polynomials. For n = 2,
we have two zeros evolving as
x1,2 = ±
√
2tνq
1− q .
12
Figure 5: Motion of zeros at t = −2 Figure 6: Motion of zeros at t = −3
In Figures (5) and (6) we show the evolution of zeros, depending of values of
q. For q < 1, zeros are moving faster than q = 1 case, and for q > 1, the motion
slow down.
In order to find the general form of these Kampe de Feriet polynomials for
arbitrary n, we apply relation (45) and the Boost operator (40). Starting from
K0(x, t; q) = 1 by successive application of this formula we obtain
Kn(x, t; q) =
(
x+
2tνq
q − 1
∂
∂x
eνq
∂2
∂x2
)n
· 1. (54)
As easy to see the polynomials result from evolution in time of monomials
Kn(x, 0; q) = x
n
by application of evolution operator (31)
Kn(x, t; q) = e
t[ν d
2
dx2
]qxn. (55)
4.2 Dynamical Symmetry and Generating Function
Here we like to find the generating function for our q-Kampe de Feriet polyno-
mials (36) by application of the Boost operator
∞∑
n=0
kn
n!
Kn(x, t; q) =
∞∑
n=0
kn
n!
(
x+
2tνq
q − 1
d
dx
eνq
d2
dx2
)n
· 1 = ek(x+
2tνq
q−1
d
dx e
νq
d2
dx2 ) · 1 (56)
and show that it gives the plane wave solution (34).
Proposition 4.2.1 We have the following factorization formula
ek(x+
2tνq
q−1
d
dx e
νq
d2
dx2 ) · 1 = ekx e[νk2]qt (57)
To show this we need to use the Zassenhaus formula.
Proposition 4.2.2 The Zassenhaus formula [14] for two operators X and Y
is given by
eξ(X+Y ) = eξXeξY e−
ξ2
2 [X,Y ]e
ξ3
6 (2[Y,[X,Y ]]+[X,[X,Y ]]) · ·· (58)
where ξ is an arbitrary constant parameter.
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In order to apply the Zassenhaus formula to our case, we denote P ≡ ddx ,
which satisfies the following commutation relations:
[P, x] = 1, [P 2, x] = 2P, · · ·[Pn, x] = nPn−1
and can be generalized in the following form
[f(P ), x] =
d
dP
f(P ). (59)
In our formula (57) by changing variables
Y ≡ 2t
q − 1νq
d
dx
eνq
d2
dx2 , Z ≡ eνq d
2
dx2 , X ≡ x
we obtain
ek(x+
2tνq
q−1
∂
∂x e
νq
d2
dx2 ) · 1 = ek(X+Y ) · 1. (60)
In order to factorize the exponential function we need to calculate the commu-
tator relations:
[X,Y ], [Y, [X,Y ]], [X, [X,Y ]], ...
As easy to see all commutators are vanishing
[[X,Y ], Y ] = [[[X,Y ], Y ], Y ] = ... = 0 (61)
and therefore the following commutator is zero
[P,Z] = [P, ee
νqP
2
] = 0.
Explicit calculation of Z and X commutator is obtained in terms of the com-
mutators of X and Y, which we need for the Zassenhaus formula
[Z,X] = [eνqP
2
, X] = 2νqPe
νqP
2
=
q − 1
t
Y,
[[Z,X], X] =
q − 1
t
[Y,X] = −q − 1
t
[X,Y ],
[[[Z,X], X], X] =
q − 1
t
[[Y,X], X] = (−1)2 q − 1
t
[X, [X,Y ]],
.
.
.
[[Z,X], X, ...,X︸ ︷︷ ︸
n-times X
] =
q − 1
t
[[Y,X], X, ...,X︸ ︷︷ ︸
n-1 -times X
] =
q − 1
t
[X, [X, ..., [X︸ ︷︷ ︸
n-1-times X
, Y ]. (62)
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Now let us find commutator of operators Z and X.
Calculation of the following commutators give us derivatives
[Z,X] = [eνqP
2
, X] =
d
dP
eνqP
2
= 2Pνqe
νqP
2
= 2PνqZ =
d
dP
Z
[[Z,X], X] = [2PνqZ,X] = 2νq(P [Z,X]+[P,X]Z) = 2νq(P
d
dP
+1)Z = 2νq(2P
2νq+1)Z =
d2
dP 2
Z
[[[Z,X], X], X] = 2νq([2P
2νqZ + Z,X]) = 2νq(2νq[P
2Z,X] + [Z,X])
= 2νq(2νq(P
2[Z,X] + [P 2, X]Z) + [Z,X])
= 2νq(4ν
2
qP
3Z + 4νqPZ + 2νqPZ) =
d3
dP 3
Z, (63)
which can be generalized in the following proposition:
Proposition 4.2.3
[[Z,X], X, ...,X︸ ︷︷ ︸
n-times X
] =
dn
dPn
Z =
dn
dPn
eνqP
2
(64)
It is easy to prove by mathematical induction.
Proposition 4.2.4 The commutation relation (64) can be expressed in terms
of Hermite polynomials with operator argument
[[Z,X], X, ...X︸ ︷︷ ︸
n-times X
] = (−i)n(νq)n2Hn
(
i
√
νq
d
dx
)
eνq
d2
dx2 . (65)
Proof 4.2.5 From definition of Hermite polynomials
Hn(ξ) = (−1)neξ2 d
n
dξn
e−ξ
2
, (66)
we have
Hn(ξ)e
−ξ2 = (−1)n d
n
dξn
e−ξ
2
. (67)
By considering commutation relation (64)
[[Z,X], X, ...,X︸ ︷︷ ︸
n-times
] =
dn
dPn
Z =
dn
dPn
eνqP
2
,
and by changing variables νqP
2 ≡ −ξ2 ⇒ ξ = i√νqP ⇒ dPdξ = −i√νq ,
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Hn(ξ)e
−ξ2 = (−1)n d
n
dξn
e−ξ
2
Hn(i
√
νqP )e
νqP
2
= (−1)n(dP
dξ
d
dP
)neνqP
2
=
in
(νq)
n
2
dn
dPn
eνqP
2
(68)
(−i)n(νq)n2Hn(i√νqP )eνqP 2 = d
n
dPn
eνqP
2
,
we can express commutation relation in terms of Hermite polynomials of the
operator argument
[[Z,X], X, ...X] =
dn
dPn
eνqP
2
= (−i)n(νq)n2Hn(i√νqP )eνqP 2
= (−i)n(νq)n2Hn(i√νq d
dx
)eνq
d2
dx2 . (69)
Using the Zassenhaus formula
eξ(X+Y ) · 1 = eξXeξY e− ξ
2
2 [X,Y ]e
ξ3
6 (2[Y,[X,Y ]]+[X,[X,Y ]])...e(−1)
n+1 ξn
n! [X,[X,...,[X,Y ]]]... · 1 (70)
and (62) we can factorize the following exponential function as
eξ(x+2t
νq
q−1
d
dx e
νq
d2
dx2 ) · 1 = eξx eξ2t
νq
q−1
d
dx e
νq
d2
dx2
e
∑∞
n=2(−1)n+1 ξ
n
n! [X,[X,...,[X,Y ]]] · 1
= eξx eξ2t
νq
q−1
d
dx e
νq
d2
dx2
e
∑∞
n=2
ξn
n!
t
q−1 (−i)nν
n
2
q Hn(i
√
νq
d
dx )e
νq
d2
dx2 · 1
= eξx eξ2t
νq
q−1
d
dx e
νq
d2
dx2
∞∏
n=2
e
ξn
n!
t
q−1 (−i)nν
n
2
q Hn(i
√
νq
d
dx )e
νq
d2
dx2 · 1
= eξx
∞∏
n=2
e
ξn
n!
t
q−1 (−i)nν
n
2
q Hn(0). (71)
Due to relations for Hermite polynomials
H2n(0) = (−1)n (2n)!
n!
,
H2n+1(0) = 0,
we find that only terms with even numbers survive
= eξx
∞∏
k=1
e
ξ2k
k!
t
q−1ν
k
q . (72)
Replacing ξ by k and using νq = ν ln q we obtain
ek(x+2t
νq
q−1
d
dx e
νq d
2
dx2
) · 1 = ekxe tq−1
∑∞
l=1
k2l
l! ν
l(ln q)l . (73)
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Finally we can factorize this expression in the form of the plane wave solution
ek(x+2t
νq
q−1
d
dx e
νq d
2
dx2
) · 1 = ekx e[νk2]qt. (74)
5 q-Viscous Burgers’ Equation
We can relate our q-diffusive heat equation with nonlinear q-viscous Burgers’
equation. By dividing equation (1) with φ(x, t) we obtain
(lnφ(x, t))t =
1
φ(x, t)
[
ν
∂2
∂x2
]
q
φ(x, t) (75)
and taking the x derivative from both sides and denoting
(lnφ(x, t))x =
φx
φ
≡ u, (76)
we get
ut =
(
1
φ
[
ν
∂2
∂x2
]
q
φ(x, t)
)
x
(77)
Proposition 5.0.1
1
φ
[
ν
∂2
∂x2
]
q
φ =
[
ν(
d
dx
+ u)2
]
q
· 1, (78)
where u = φxφ
Proof 5.0.2 Using definition of the q-operator number
1
φ
[
ν
∂2
∂x2
]
q
φ =
1
φ
qν
∂2
∂x2
−1
q − 1 φ =
1
φ
1
q − 1(e
ν ln q ∂
2
∂x2 − 1)φ
=
1
q − 1
1
φ
∞∑
n=1
(ν ln q)n
n!
∂2n
∂x2n
φ (79)
and denoting φ ≡ ef , which implies
f = lnφ, fx = (lnφ)x =
φx
φ
≡ u,
we find
1
φ
[
ν
∂2
∂x2
]
q
φ =
1
q − 1
∞∑
n=1
(ν ln q)n
n!
(
d
dx
+ u)2n · 1 = 1
q − 1(e
ν ln q( ddx+u)
2 − 1) · 1
=
qν(
d
dx+u)
2 − 1
q − 1 · 1 =
[
ν
(
d
dx
+ u
)2]
q
· 1 (80)
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Substituting (78) into equation (77) we obtain the q-viscous Burgers’ equa-
tion as
ut =
([
ν(
d
dx
+ u)2
]
q
· 1
)
x
. (81)
By using solution of q-diffusive heat equation we can find the solution of
q-viscous Burgers’ equation. As a first particular solution of q-diffusive heat
equation (1) we choose the traveling plane wave solution
φ(x, t) = ekx+[νk
2]qt.
This plane wave is the generating function for Kampe de Feriet polynomials
(49), being polynomial solution of q-diffusive equation. Moving zeros of Kampe
de Feriet Polynomials then correspond to moving poles of q-viscous Burgers’
equation (81).
By using the Cole-Hopf transformation, the plane wave solution gives the
constant solution of the q-viscous Burgers’ equation
u(x, t) =
φx
φ
= k.
By considering the superposition of two plane waves with different wave numbers
k1, k2,
φ(x, t) = ek1x+[νk
2
1]qt + ek2x+[νk
2
2]qt, (82)
we get shock soliton solution in the following form
u(x, t) =
φx
φ
=
k1e
k1x+[νk
2
1]qt + k2e
k2x+[νk
2
2]qt
ek1x+[νk
2
1]qt + ek2x+[νk
2
2]qt
. (83)
In Figure (7) we show one shock soliton for different values of q. Depending
on value of q the soliton is moving faster (q < 1) or slower (q > 1) than in usual
q = 1 case. By fixing constants k2 > k1 > 0, at fixed time we have assymptotics
x→ +∞ ⇒ u→ k2
x→ −∞ ⇒ u→ k1.
Then our q-shock soliton solution can be written as
u(x, t) =
(
k1 +
k2 − k1
1 + e(k2−k1)(x−vt)
)
, (84)
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Figure 7: One Shock Soliton for
q = 1(blue), q = 0.5(red), q =
2(green)
Figure 8: Two Shock Solitons for
q = 1(blue), q = 0.5(red), q =
2(green)
where the velocity of shock is
v = − [k
2
1ν]q − [k22ν]q
k1 − k2 .
To analyze this expression we choose k1 = 0 and denote k2 ≡ k, so that the
soliton velocity is
v =
2νk ln q
q − 1 e
νk2 ln q. (85)
For q < 1 this velocity is bounded from the above, and takes maximal value
|vmax| =
√
2ν
e
ln
1
q
1
1− q (86)
for k = ±1/√2ν ln 1/q.
We show graph of this velocity in Figure (9). This dependence creates a new
property of the shock soliton. Namely, for values of k bigger than the extremum
point, and corresponding amplitudes, the velocity is not growing, but decaying.
It produces new type of shock interaction. To see this we look for two shock
soliton solutions. By taking superposition of 3-plane waves
φ(x, t) = ek1x+[νk
2
1]qt + ek2x+[νk
2
2]qt + ek3x+[νk
2
3]qt, (87)
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Figure 9: Soliton velocity for q =
0.5
Figure 10: Soliton Fission for q =
0.5
we find two shock soliton solution in the form
u(x, t) =
φx
φ
=
k1e
k1x+[νk
2
1]qt + k2e
k2x+[νk
2
2]qt + k3e
k3x+[νk
2
3]qt
ek1x+[νk
2
1]qt + ek2x+[νk
2
2]qt + ek3x+[νk
2
3]qt
. (88)
In Figure (8) we show fusion of two shock solitons moving with speeds,
depending on values of q. For q > 1 they move slower and for q < 1 the speed of
shocks collision is going faster than in q = 1 case. In addition to this, for q < 1
case here we have a new type of phenomena. By choosing parameters k1 = 0,
k2 < k0 and k3 > k0, where k0 > 0 is extremum point with maximal speed, we
find that the soliton with higher amplitude is moving slowly and splits to two
solitons, one of which with smaller amplitude is moving faster. We illustrate
this behavior in Figure (10).
Superposition of n + 1 plane waves with wave numbers k1, k2, ..., kn+1 and
constants η1, ..., ηk+1 gives n-shock soliton solution in the form
u(x, t) =
∑n+1
i=1 kie
kix+[νk
2
i ]qt+ηi∑n+1
i=1 e
kix+[νk2i ]qt+ηi
. (89)
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6 q - Semiclassical Expansion of q-diffusive heat
equation
If in q-diffusive heat equation (1) we expand the right hand side according to ν,
then we get infinite order equation with even order derivative in x,
∂φ
∂t
=
[
ν
∂2
∂x2
]
q
φ =
qν
∂2
∂x2
−1
q − 1 φ
=
1
q − 1(e
ln qν ∂
2
∂x2 − 1)φ
=
1
q − 1
∑
n=1∞
(ln q)nνn(
∂2
∂x2
)nφ
=
1
q − 1(ν ln q
∂2
∂x2
+
(ν ln q)2
2!
∂4
∂x4
+ ...)φ, (90)
where the first order equation for ν  1, is the standard heat equation, but
with deformed diffusion coefficient νq = ν
ln q
q−1 ,
∂φ
∂t
= νq
∂2
∂x2
φ. (91)
In the limit q → 1 case, this gives standard heat equation with diffusion
coefficient ν.
From another side, if we like to consider deformations of Heat equation for
every power of ln q, which we called the q-semiclassical expansion (since q = 1
case corresponds to ”classical case”) we need to use the Bernoulli polynomials.
Proposition 6.0.1 Generating function for Bernoulli polynomials is defined as
text
et − 1 =
∞∑
n=0
Bn(x)
tn
n!
. (92)
For x = 0 we have the generating function of Bernoulli numbers
t
et − 1 =
∞∑
n=0
Bn(0)
tn
n!
, (93)
where Bn(0) = Bn-Bernoulli numbers.
In the generating function of Bernoulli numbers (91) by choosing et ≡ q we
have
ln q
q − 1 =
∞∑
n=0
Bn
(ln q)n
n!
. (94)
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This gives the modified diffusion coefficient as expansion with Bernoulli num-
bers in powers of ln q
νq = ν
∞∑
n=0
Bn
n!
(ln q)n.
Proposition 6.0.2 [n]q number can be expressed in terms of Bernoulli polyno-
mials as
[n]q = n+
∞∑
m=1
(Bm+1(n)−Bm+1(0)) (ln q)
m
(m+ 1)!
(95)
Proof 6.0.3 Using the definition of q-numbers
[n]q =
qn − 1
q − 1 =
en ln q
q − 1 −
1
q − 1 =
1
ln q
(
ln q en ln q
q − 1
)
− 1
ln q
(
ln q
q − 1
)
(96)
and denoting ln q = t, we obtain
[n]q =
1
t
(
tent
et − 1
)
− 1
t
(
t
et − 1
)
. (97)
The generating function for Bernoulli polynomials (92) and (93) allow us to
get
[n]q =
1
t
(B0(n)−B0(0)︸ ︷︷ ︸
*
) +
∞∑
m=0
(Bm+1(n)−Bm+1(0)) t
m
(m+ 1)!
, (98)
∗ = 0 due to B0(x) = 1. And we can write
[n]q =
∞∑
m=0
(Bm+1(n)−Bm+1(0)) t
m
(m+ 1)!
= B1(n)−B1(0)︸ ︷︷ ︸
**
+
∞∑
m=1
(Bm+1(n)−Bm+1(0)) (ln q)
m
(m+ 1)!
,
∗∗ = n since B1(x) = x− 12 and the desired result is obtained.
The q-number operator for an arbitrary operator A can be written as a
formal power series in terms of Bernoulli polynomials
[A]q = A+
∞∑
m=1
(Bm+1(A)−Bm+1(0)) (ln q)
m
(m+ 1)!
. (99)
By expansion of q-diffusive heat equation (1) in powers of ln q, we get higher
derivative corrections to the Heat equation
∂φ
∂t
= ν
∂2
∂x2
φ+
∞∑
m=1
(
Bm+1
(
ν
∂2
∂x2
)
−Bm+1
)
(ln q)m
(m+ 1)!
φ. (100)
For the q-Galilean boost operator we obtain
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K = x+ 2νt
d
dx
+ 2νt
∞∑
m=1
Bm
(
ν
d2
dx2
)
(ln q)m
m!
. (101)
The particular solution of q-diffusive heat equation for finite interval case
can be expanded in the following form
φn(x, t) = e
t[−ν(pinl )2]q sin
npi
l
x
= e−ν(
npi
l
2)x sin
npi
l
x
∞∏
m=1
e(Bm+1(−ν(
npi
t )
2t)−Bm+1) (ln q)
m
(m+1)! , (102)
which shows how the solution of q-diffusive heat equation is modified by q-
diffusitivity.
We can expand the Green function of q-diffusive heat equation for infinite
interval case as
G(x, y; t) =
2
l
∞∑
n=0
sin (
npi
l
x) sin (
npi
l
y)et[−ν(
npi
l )
2]q
=
2
l
∞∑
n=0
sin (
npi
l
x) sin (
npi
l
y)e−ν(
npi
l
2)t
∞∏
m=1
e(Bm+1(−ν(
npi
t )
2t)−Bm+1) (ln q)
m
(m+1)!
showing modification due to q-diffusivity.
The q-viscous Burgers’ equation is also expandable in terms of higher order
derivatives as an arguments of Bernoulli polynomials
ut =
([
ν(
d
dx
+ u)2
]
q
· 1
)
x
= νuxx + 2νuux +
( ∞∑
m=1
(Bm+1
(
ν
(
d
dx
+ u
)2)
−Bm+1) (ln q)
m
(m+ 1)!
· 1
)
x
First two terms of this expansion give the standard Burgers’ equation.
In a similar way we get expansion of the plane wave solution of q-diffusive
heat equation in terms of powers of ln q,
φ(x, t) = ekx+[νk
2]qt = ekx+νk
2t
∞∏
m=1
e(Bm+1(νk
2t)−Bm+1) (ln q)
m
(m+1)! , (103)
showing modification of the standard plane wave solution.
And by using the superposition of two travelling waves (83) with different
wave numbers k1, k2 as a solution of q-diffusive heat equation we obtain shock
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soliton solution of q-viscous Burgers’ equation as q- modification of standard
shock soliton solution
u(x, t) =
φx
φ
=
k1e
k1x+[νk
2
1]qt + k2e
k2x+[νk
2
2]qt
ek1x+[νk
2
1]qt + ek2x+[νk
2
2]qt
=
k1 + e
(k2−k1)x+ν(k22−k21)t∏∞
m=1 e
(Bm+1(νk
2
2t)−Bm+1(νk21t)) (ln q)
m
(m+1)!
1 + e(k2−k1)x+ν(k22−k21)t
∏∞
m=1 e
(Bm+1(νk22t)−Bm+1(νk21t)) (ln q)
m
(m+1)!
For the speed of q-shock soliton,
v = − [k
2
1ν]q − [k22ν]q
k1 − k2
we have expansion
v = −
(
ν(k1 + k2) +
∞∑
m=1
Bm+1(k
2
1ν)−Bm+1(k22ν)
k1 − k2
(ln q)m
(m+ 1)!
)
. (104)
By using explicit formula for Bernoulli polynomials for n ≥ 0
Bn(x) =
n∑
j=0
(
n
j
)
bjx
n−j , (105)
where bj are Bernoulli numbers, the modified velocity is written as
v = −ν(k1 + k2)
(
1 +
∞∑
m=1
(ln q)m
(m+ 1)!
Sm+1(k1, k2)
)
, (106)
where
Sm+1 ≡
m+1∑
j=0
(
m+ 1
j
)
bm+1−j [j]νk21,νk22 (107)
and the q-number with q1, q2 basis are defined as
[n]q1,q2 =
qn1 − qn2
q1 − q2 . (108)
This shows the modification of the standard velocity of shock soliton.
Now we consider finite ν, but expand in terms of  = q − 1  1 in (90).
Then for q → 1,  1, q = 1 +  and ν-arbitrary finite, we obtain higher order
derivative corrections to heat equation
∂φ
∂t
= ν
∂2
∂x2
φ+ (−ν
2
∂2
∂x2
+
ν2
2
∂4
∂x4
)φ+O(2)
= ν
(
1− 
2
) ∂2
∂x2
φ+ 
ν2
2
∂4
∂x4
φ+O(2), (109)
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In the first term, for small q we have diffusion coefficient which is modified
by .
In the next section we are going to construct q-viscous Burgers’ equation,
related to our q-diffusive heat equation. For this we need next proposition:
Proposition 6.0.4
e−f
dn
dxn
ef =
(
d
dx
+ fx
)n
(110)
Proof 6.0.5
e−f
d
dx
efψ = e−f
d
dx
(efψ) = e−f (fxefψ + ef
d
dx
ψ) = (fx +
d
dx
)ψ, (111)
so that
e−f
d
dx
ef = fx +
d
dx
(112)
and then we can generalize it as follows
e−f
dn
dxn
ef = e−f
d
dx
d
dx
...
d
dx
ef
= e−f
d
dx
efe−f
d
dx
efe−f ...efe−f
d
dx
ef
=
(
d
dx
+ fx
)n
. (113)
6.1 Corrections to q-viscous Burgers’ Equation
Expansion in  = q − 1 provides higher derivative order corrections to the
Burgers’ equation.
ut =
(
[ν(
d
dx
+ u)2]q
)
x
=
(
1
q − 1(e
ν ln q( ddx+u)
2 − 1) · 1
)
x
=
(
1
q − 1
∞∑
n=1
(ν ln q)n
n!
(
d
dx
+ u)2n · 1
)
x
=
1
q − 1
(
ν ln q
1!
(
d
dx
+ u)2 · 1 + (ν ln q)
2
2!
(
d
dx
+ u)4 · 1 + ...
)
x
=
1
q − 1
(
ν ln q (ux + u
2) +
(ν ln q)2
2!
(uxxx + 4uuxx + 3u
2
x + 6u
2ux + u
4) + ...
)
x
=
ν ln q
q − 1(uxx + 2uux) +
(ν ln q)2
(q − 1)2! (...) + .... (114)
This gives the deformation of Burgers’ equation with parameter ν. In the limit
q → 1 it reduces to standard Burgers’ equation
ut = νuxx + 2νuux.
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For small q = 1 + ,  1 we write
ln q = ln(1 + ) = − 
2
2
+
3
3
− ... = (1− 
2
+
2
3
− ...)
and after substitution into (114) we get
ut = νuxx + 2νuux − ν
2
(uxx + 2uux) +
ν2
2!
(...) +O(2)
= (1− 
2
)νuxx + 2(1− 
2
)νuux + ... (115)
This shows lower order corrections to Burgers equation from q-deformed
viscosity.
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